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, , quadratic map $f_{t}(x)=4tx(1-x),$ $t\in(0,1)$ ,
Milnor Thurston ,
[Me]
J.Guckenheimer [Gu] $f_{t}$ : $[0,1]arrow[0,1]$ topological type 3
(I) stable periodic orbit , orbit
(II) , 1 minimal attractor
(III) sensitive dependence ( )
(I),(II) type $f_{t}$ (III)
type
$($ $)$ type(III)
( 1 ) $\omega(x)$ Lebesgue measure $x$
?





( ) unimodal map multimodal map
?
(1) Misiurewicz hyperbolicity ( 2.3)
(2) ( 33)
(3) stable periodic orbit 1 ( 1.2)
l-parameter family ( $f_{t}$ ) parameter space
, , parameter
( )
(1) (I) } dense ?
(2) Jacobson ($t$ $f_{t}$ a.c. $i$ .p.m )
(3) period doubling renormalization
( ),( ) ( )
$0$ , Jacobson
( ) S-unimodal map
S-unimodal map ( )
G.Keller [K2]
“Exponents, attractors and Hopf decomposition for interval maps.” (Erg.Th.&Dyn.Sys. Vol.10)
F.Hofbauer G.Keller
“ Some remarks on recent results about S-unimodal maps.”(Ann.Inst.Henri Poincare. Vol.53.)
,\S ^\S 1-4 S-unimodal map , \S 5,6
: $C^{3}$-map $f$ : $[0,1]$ S-unimodal
(1) $f(0)=f(1)=0$,
(2) $f$ critical point $c= \frac{1}{2}$ ,
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(3) $f$ Schwarz $Sf:= \frac{f’’’}{f}-\frac{3}{2}(\frac{f’’}{f’})^{2}$ $c$ $x\in[0,1]$
(4) $f$ symmetric, $f(x)=f(1-x)$ $f’(0)>1$
: (4) S-unimodal map
(4)
$f$ $[0,1]$ Lebssgue measure $m$ $y\in[0,1]$
$y’=1-y$ (4) $f(y)=f(y’)$
\S 1 NEGATIVE SCHWARZIAN DERIVATIVE
S-unimodal map (3), Schwarz
Schwarz $Sf$ iteration
(A) $S(fog)=Sfog\cdot(Dg)^{2}+Sg$
, $Sf<0$ , $n$ $Sf^{n}<0$ $Sf<0$
(A) Schwarz
,
Schwarz (A) [Y] Lemma 4
$Sf<0$ Minimal
principle




$\zeta_{n}$ . , $\zeta_{n}$ $x$ $\zeta_{n}(x)$ ( )
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9 : $(a, b)arrow(c, d)$ $C^{1}$ Perron-Frobenius operator $P_{g}$ :
$L^{1}(a, b)arrow L^{1}(c, d)$
$P_{g}( \varphi)(x)\equiv\sum_{g(y)=x}\frac{\varphi(y)}{|g(y)|}$
( $L^{1}$
) $(a, b)$ $[0,1]$ $H(a, b)\subset C(a, b)$
$H(a, b)=$ {$P_{g}(r)|r\in R,$ $r\geq 0,$ $g:(0,1)arrow(a,$ $b)$ onto diffeomorphism with $Sg\leq 0.$ }
( $r$ $r$ )
(A)
(C1) $f$ : $(a, b)arrow(c, d)$ onto diffeomorphism with $Sf\leq 0$ $f(H(a, b))\subset$
$H(c, d)$ .
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. $q_{Mi]_{\vee\sim}^{\ovalbox{\tt\small REJECT}}}$ )
(C2) $0\neq\varphi\in H(a, b)\Leftrightarrow\varphi^{-1/2}concave\Rightarrow\varphi$ convex
(C3) $\varphi,$ $\psi\in H(a, b),$ $t\geq 0\Rightarrow\varphi+\psi,$ $t\varphi\in H(a, b)$
(C4) $\{\varphi\in H(a, b)|\Vert\varphi\Vert_{L^{1}}<const.\}$ compact
\S 2. DENJOY-ScWARTZ
, distortion, ,
Dist $(f^{n}, J)= \max_{x\in J}\log|df^{n}(x)|-\min_{x\in J}\log|df^{n}(x)|$
, hyperbolicity distortion
distortion




2 . 2 . $J$ closure$(\cup i\geq of^{n}(J))\ni c$ .
$J$ (i) $f^{i}(J)\cap f^{j}(J)=\emptyset(i,j\geq 0, i\neq j)$ (ii) $J$
stable periodic point basin
2. 3 . $K$ critical point $c$ non-repellin$g$ periodic point
$\Lambda=\bigcap_{n\geq 0}f^{-n}(K)$
hyperbolic set ( )
29
2. 4 . $f$ stable periodic point $\omega(x)\ni c$ m-a.e. $\omega(x)\supset$
$w(c)$ m-a.e.
: 2. 3 RMane [Ma]
\S 3 GUCKENHEIMER’S TRAP
Guckenheimer S-unimodal map
$V_{n}=\{x\in[0,1]|f^{j}(y)\not\in[y, y’],j=1,2, \cdots n-1$ $\cdot\supset f^{n}(y)\in[y, y’]_{\text{ }}\}$
3. 1. (1) $y\in\partial V_{n}$ $y$ $y’$
(2) $V_{n}$
$|df^{n}(x)|> \min_{y\in\partial V_{\mathfrak{n}}}|df^{n}(y)|$ . stable periodic point
$|df^{n}(x)|>1$ on $V_{n\text{ }}$
3. 2 . $\lambda_{per}=\min$ { $\chi(p)|p$ : periodic.} $\chi(x)>\lambda_{pe\prime}$ . m-a.e.
$\chi(x)$ Lyapunov $\chi(x)=\lim_{narrow}\sup_{\infty}\frac{1}{n}\log|df^{n}(x)|$
3. 3.
3. 3 [MMS] non-flat critical point
\S 4 CANONICAL MARKOV EXTENSION
[K2] $D_{-1}=(c, 1)$ , $Do=(0, c)$ ,
$D_{k},$ $k=2,3,4,$ $\cdots$ :
$c\not\in f(D_{k})$ , $D_{k+1}=f(D_{k})$ ,
c\in f(Dk) , $D_{k+1}=f(D_{k})-c$ $f^{k+1}(c)$ o
$f(D_{k})$ – $D_{k+1}$ $E_{k}$ \langle
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4. 1. $D_{k}=f^{k}(c, c_{-k})$ $c_{-k}$ $\bigcup_{j}^{k_{=1}}f^{-j}(c)$ $c$
$-1,0=k(O),$ $k(1),$ $k(2),$ $\cdots$ k $D_{k+1}\neq f(D_{k})$
$k$
4. 2. $\ell\in N$ $Q(\ell)<l$ $E_{k(\ell)}=D_{k(Q(\ell))+1}$ \supset $k(Q(l))=$
$k(l)-k(\ell-1)-1$
4. 2 $Q$ : $Narrow NU\{0\}$ kneading map kneading map
kneading sequence kneading sequence kneading map
[HK]
$E_{k(\ell)}$ $D_{k(Q(\ell))+1}$ , $\{D_{i}\}$ ,
, $D_{i}arrow D_{i+1},$ $i=-1,0,1,2,$ $\cdots$ $D_{k(\ell)}arrow D_{k(Q(\ell))+1},l=1,2,$ $\cdots$
transition graph $\hat{X}=\sum_{k=-1}^{\infty}\{k\}\cross D_{k}$ transition graph $f$
$f;\hat{X}O$ $\{\hat{f},\hat{X}\}$ $f$ canonical Markov extension
$\{D_{i}\}$
$D_{i}$ $D_{j}$ , ,
$D_{i}\sim D_{j}\Leftrightarrow$
$D_{i}arrow D_{i_{1}}arrow\cdotsarrow D_{j}arrow D_{j_{1}}arrow\cdotsarrow D_{i}$
: (1) $f$ sensitive dependence , $\epsilon>0$ , $J$
$n>0$ $|f^{n}(J)|>\epsilon$
(2) $f$ infinitely renormalizable $n_{1}<n_{2}<n_{3}<\cdots$ $c$
$I_{1}\supset I_{2}\supset I_{3}\supset\cdots$ $f^{n}:(I_{i})\subset I_{i}$ $f^{n_{i}}|_{I_{1}}$
unimodal $f^{n}:(\partial I_{i})\subset\partial I_{i}$
4. 3 . (1) $\#\{D_{i}\}<+\infty\Leftrightarrow f$ periodic sink
(2) $\#\{D_{i}\}=+\infty$ $\#(\{D_{i}\}/\sim)<+\infty$ \Leftrightarrow sensitive dependence
(3) $\#\{D_{i}\}=+\infty$ $\cdot\supset\#(\{D_{i}\}/\sim)=+\infty\Leftrightarrow in$finftely renormalizable
4. 3 (2) $\{k\}\cross D_{k}\subset\hat{X}$ $\hat{X}_{\max}$
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\S 5. Sensitive dependence S-unimodal map
$f$ Markov extension $\hat{f}$ .
, , $f$ extension $\hat{f}$
Frobenius-Perron operator , 5. 1
. .
$(i )T$ Frobenius-Perron operator PT dissipative on $A$ ,
$\Sigma_{n}P_{T^{n}}g<\infty a$ . $e$ . $x$ on $A$ for each $g\geqq 0$ in $L$ ‘.
(ii ) $T$ (7) Frobenius-Perron operator PT $i\backslash ^{\backslash }\backslash$ conservative on $A$ }$h$ ,
$\Sigma_{n}$ PT“ $g=\infty a$ . $e$ . $x$ on $A$ for some $g\geqq 0$ in $L$ ‘.
$\pi$
$\hat{X}$ $X$ , $\hat{m}$ $m$ $\hat{X}$ .
5. 1. (1) $P_{f}$ dissipative , $P_{\hat{J}}$ dissipative.
(2) $P_{\hat{f}}$ conservative on $A\subset\hat{X}$ , $P_{f}$ conservative on $\pi A$ .
(3) $P_{\hat{f}}\hat{h}=\hat{h}$ for some $\hat{h}\in L^{1}(\hat{m})$ , $P_{f}(P_{\pi}\hat{h})=P_{\pi}\hat{h}$ , $P_{7t}\hat{h}\in L^{1}(m)$ .
dissipative, conservative P7- density $\hat{h}$ $L^{1}$
Sensitive dependence S-unimodal map ,
.
5. 2. $P_{\hat{f}}$ type .
(a) $P_{\hat{f}}$ }$h$ dissipative.
(b) $P_{\hat{f}}$ conservative on $\hat{X}_{\max}$ density $\hat{h}\not\in L^{1}(\hat{m})$ .
(c) $P_{\hat{f}}$ conservative on $\hat{X}_{\max}$ densi y $\hat{h}\neq 0$ , $\hat{h}\in L^{1}(\hat{m})$ .
(c) , 5. 1
$\wedge$
.
Markov extension . , (b) Pf- density
.
, $f$ 5. 2 , $\omega(x)$ $\omega(c)$ , Lyapunov
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$\chi$ .
5. 3. (a), (b), (c) 5. 2 .
(I) (a) , $\omega(x)=\omega(c)m-a$ . $e$ . $x$ .
(b) (c) , $\omega$ (x)=interval $m-a$. $e$ . $x$ .
(II) (a) (b) , $\chi(x)=0m-a$ . $e$ . $x$ .
(c) , $\chi(x)=$ const. $>0m-a$ . $e$ . $x$ .
$\omega(x)$ $\omega(c)$ Sensitive dependence S-unimodal map
.
5. 4. .
(1) $\omega(x)=\omega$ (c)\neq interval $m-a$. $e$ . $x$ .
(2) $\omega(x)\neq\omega(c)$ $\omega(x)$ interval $m-a$. $e$ . $x$ .
(3) $\omega(x)=\omega$ (c)=interval $m-a$. $e$ . $x$ .
5. 2 .
, 5. 3 $\cross$ .
5.2
(a) (b) (c)
(1) ( ) $\cross$ $\cross$
5. 4
(2) $\cross$ $($ $)$ $($ $)$
(3) ( ) ( ) ( )
( ) .
( ) .
( ) , Rofbauer-Keller open problem.
( ) ( ) .
( ) ( ) Jacobson .
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5. 4 (2) , (3) .
5. 5.
5. 4 (2) , Pf- density $h$ (integrable or not)
. $h$ $\omega(c)$ .
\S 6. Hyperbolicity properties $a$ . $c$ . $i$ . $p.m$.
, S-unimodal map Hyperbolicity properties $a$. $c$ . $i$ .
$P$ . $m$. ( ergodic dominant measure) .
, Hyperbolicity properties .
Mis: $\exists\epsilon>0$ such that $|f^{n}c-c|>\epsilon$ for all $n$ . (Kisiurewicz condition)
$HC_{+}:$ $\exists K>0$ and $r>1$ such that $|(f^{n})’(fc)|>K\cdot r$ “ for all $n$ .
(Hyperbolicity on (Critical $point)_{+}$ )
HC-: $\exists K>0$ and $r>1$ such that
$|(f^{n})’(z)|>K\cdot r^{n}$ for all $n$ and $z\in f^{-n}(c)$ .
(Hyperbolicity on (Critical point)-)
HC: $HC_{+}$ and HC- (Collet-Eckmann condition )
HP: $\exists K>0$ and $r>1$ such that
$|(f^{n})’(z)|>K\cdot\gamma^{\kappa}$ for all $n$ and $z=f^{n}(z)$ .
(Hyperbolicity on Periodic points)
$\xi_{n}$ fn .
GE: $\exists K>0$ and $r>1$ such that
$m(Z)\leqq K\cdot r^{-n}\cdot m(f^{n}Z)$ for all $n$ and $Z\in\xi_{n}$ with $c\in intf^{n}(Z)$ .
(Globally Expanding)
$Exp:\exists K>0$ and $r>1$ such that
$m(Z)\leqq K\cdot\gamma^{-n}$ for all $n$ and $Z\in\xi_{n}$ .
LE: $\exists K>0$ and $r>1$ such that




$H>0$ : $\lim_{xarrow\infty}\sup\frac{1}{n}H_{n}(\xi_{n})\cdot>0$ .
$\underline{H}>0$ : $liminf\underline{1}H_{n}(\xi_{n})>0$.
$rarrow\infty$ $n$
EDI: $f$ ergodic dominant measure .















, 5.2 (C) .
, T. Nowicki &S. van Strien HC , $c$ order $l\geqq 1$
$\sum_{n\overline{-}1}^{\infty}|(f^{n})’(fc)|^{-1/Z}<\infty$
, $a$. $c$ . $i$ . P. $m$. .
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